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Approximate Altitude Transitions for High-Speed Aircraft
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In a previous paper, a near-optimal guidance law for the ascent trajectory from Earth surface to Earth orbit
of a hypersonic, dual-mode propulsion, lifting vehicle was derived. The energy-state approximation was used to
determine the near-optimal flight path and the operation of the propulsion system. In this paper, the problem
of the instantaneous altitude transitions that occur in energy-state approximation is addressed. The approach is
to model the transitions as a sequence of two load factor-bounded paths (either climb-dive or dive-climb). The
precise location of the transition is determined from analysis of the boundary-layer equations associated with the
energy-state dynamic model.

Introduction

OVER the past seven years, interest in hypersonic, air-breathing
aircraft has revived. Missions being studied include space

transportation and long distance commercial travel. The vehicles
being considered have scramjet propulsion systems augmented
by other propulsion modes for low-speed and, possibly, orbital
flight.

One feature of a single-stage-to-orbit (SSTO) vehicle is its low
payload-to-gross weight fraction. This means that vehicle perfor-
mance is extremely sensitive to perturbations in vehicle design and
operation. In particular, it is essential to optimize the flight path
and the operation of the propulsion system to the extent possible
in order to attain adequate mission performance and to do this for
every competing design under consideration. Although there are
well-developed numerical methods for trajectory optimization of
point-mass vehicle models, these methods are too expensive com-
putationally and not robust enough to use at the conceptual design
stage, in which many hundreds of vehicles must be evaluated and
compared on a consistent basis.

Beginning in about 1965, NASA Ames Research Center has
developed the hypersonic vehicle synthesis code HAVOC.1'2 In
HAVOC, the vehicle is defined by a geometry database. Other pro-
gram elements, such as aerodynamics, propulsion, and structures,
use this data to make detailed computations of vehicle performance.
An important feature of HAVOC is that it may be used iteratively to
compute "closed" vehicles, that is, vehicles that meet prespecified
requirements of both payload mass and payload volume. Figure 1
shows a typical hypersonic vehicle configuration.

In the past, the trajectory module in HAVOC has been a path-
following routine: a flight path is determined external to the synthe-
sis code, perhaps by a numerical optimization, and then inserted into
the module. This is undesirable because it is not easily responsive
to changes in vehicle design and other characteristics.

In Ref. 3, a guidance law based on the energy-state dynamic model
was developed. This dynamic model has been used successfully

many times to obtain effective guidance laws for a wide variety
of aircraft and missions.4"9 The key idea is to introduce the to-
tal mechanical energy as a state variable and then to neglect all
other dynamics. When flight-path optimization is done with this
model, simple rules for the optimal path and for the optimal opera-
tion of the propulsion system are obtained. In the trajectory module
in HAVOC, the guidance law is used to integrate the full point-mass
equations of motion. References 8 and 9 also develop energy-state
guidance laws for hypersonic aircraft and obtain results similar to
Ref. 3.

It is well-known that energy-state optimal trajectories typically
feature instantaneous transitions in altitude and velocity at constant
energy. These jumps are, of course, unrealistic and may cause signif-
icant error. Previous analyses of these transitions have used singular
perturbation concepts.10"13 The equations of motion are formulated
as a singularly perturbed system such that the energy-state model
emerges as the reduced solution (small parameter set to zero). The
boundary-layer equations are then used to model the transitions.
In Refs. 10 and 11, simplifications are made such that the tran-
sitions can be studied analytically. In Ref. 12, the solution of the
transition equations is sought such that the weighted sum of the
squares of the errors between the initial and final conditions and
the corresponding reduced solution values is a minimum. Ad hoc
engineering approaches to transition layers are adopted in Refs. 14
and 15.

The approach adopted here is based on Ref. 13. In that refer-
ence, the transition is modeled as two boundary layers back-to-
back, one in backward time and one in forward time. In Ref. 13,
the lift history is determined by solving the two-point boundary-
value problem (2PB VP) resulting from the necessary conditions for
optimal control. Because solving a 2PBVP is not practical in a ve-
hicle synthesis code such as HAVOC, in this paper the transition
layer lift history is approximated by two constant load factor paths.
The transonic transition will be used as an example in numerical
results.
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Singular Perturbation Formulation and Review
of Energy-State Guidance

The derivation begins with the singularly perturbed equations of
motion of a point-mass airplane with the following assumptions: 1)
The aircraft flies in a great circle about a spherical, rotating Earth
(terms in the square of the Earth's rotational speed are neglected).
2) The great circle flight path is maintained by side slipping the
vehicle to obtain a component of thrust perpendicular to the flight
plane (the effect of side slip on drag is ignored). 3) The lift vector
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Fig. 1 Hypersonic aircraft configuration.

is in the flight plane (zero bank angle). 4) There are zero ambient
winds. Under these assumptions, the equations are

s2h = V sin y

E = (V/mgs) (Tv - D) =

V cosy
= /? + /!

(1)

In these equations, the state variables are the height above the surface
of the Earth h, the total mechanical energy E, the vehicle mass m,
and the flight-path angle y. TV, TY, and T$ are the components
of thrust along the velocity vector, perpendicular to the velocity
vector and in the great circle, and perpendicular to the great circle,
respectively; D is drag; R is the radius of the Earth; gs is the sea level
gravitational acceleration; g is the local gravitational acceleration;
and £1Y is the y component of the Earth rotation (Coriolis) term,
which depends on instantaneous heading and latitude, as well as on
Earth rotation rate. The control variables are the angle of attack a
and the engine fuel mass flow rate /3. Energy, altitude, and velocity
are related by the equation

(2)

These equations, with s\ = 0 and s2 = 1, are integrated in the
HAVOC code.

The energy state model is obtained by setting s\ — 1 and s2 = 0
in Eq. (1), resulting in the two state equations E = P and m = — p.
To be useful, these equations must be dependent only on altitude h
and speed V. In general, however, P also depends on angle of attack
a, which couples the energy state equation to the other equations in
Eq. (1). In subsonic aircraft, this dependency is generally eliminated
by assuming that the thrust vector is aligned with the velocity vector
and by evaluating drag with lift equalized to weight. For hypersonic
aircraft, however, the dependence of P on a is quite complicated
and significant. First, the thrust vector is considerably offset from
the velocity vector, and it is only the component along the velocity
vector that affects P. Second, the air-breathing engine thrust mag-
nitude also depends on a because a affects the mass capture area
and thus the airflow into the engine. Finally, if both a rocket engine
and an air-breathing engine are operating simultaneously, the rocket
throttle setting affects air-breather thrust through a effects. All of
these effects are accounted for in the present paper, and, consistent
with energy-state approximation, the value of a used to evaluate
P is determined by enforcing equilibrium in the airplane plane of
symmetry in a direction perpendicular to the velocity vector.

For a SSTO mission with a hypersonic aircraft, what is desired
is a trajectory that gives the minimum gross takeoff weight vehi-
cle to put a given payload mass and volume in orbit. Because liquid
hydrogen fueled aircraft have relatively low-gross densities and cor-
respondingly high-surface area to gross weight ratios, they are very
sensitive to perturbations in volume as well as in mass, and it is,
therefore, necessary to minimize a weighted sum of fuel mass and
volume. Thus, the cost functional is taken as

rmf rvff
= - dm-K dvf

Jmo Jvf{)

(3)
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Fig. 2 Effect of weighting parameter K.

where vf is the fuel volume, and K e [0, oo) is a weighting
parameter.

The optimal value of K is determined numerically by comput-
ing closed vehicles for a range of values of K, that is, iteratively
exercising the HAVOC code to obtain the gross takeoff weight and
volume required to put a specified payload weight and volume in a
specified orbit. The result for a typical SSTO is shown in Fig. 2. It
is seen that a value of K = 3 lbs/ft3 gives very nearly a minimum of
both takeoff weight and empty weight, and this value will be used
throughout the rest of the paper. The figure shows that use of the
optimally weighted cost functional saves 4% in gross weight and
5% in empty weight, relative to minimizing fuel weight only.

Another feature of SSTO aircraft that needs to be taken into ac-
count is that they have two (or more) independent propulsion modes.
Thus, the total thrust (along the velocity vector) and fuel flow rates
are

TV = + 7Tr TMr

CrnrTMr

fr)]
(4)

where n e [0, 1] is throttle setting, TM maximum thrust, £ thrust
offset angle, C thrust specific fuel consumption, and fv a parameter
to account for the fact that the thrust and velocity vectors are not
collinear. The subscripts a and r refer to the two propulsion modes,
later to be identified as air breather and rocket, respectively.

The quantity to be maximized at each energy level under the
energy-state assumption is then

mg,(Ci+C2)
(5)

where

f\ =
/2 = fvnrTMr cos(a -f
- Ca7taTMa[K(pa - 1) \-\/pa

(6)

and pa and pr are the net densities of the airbreathing and the rocket
fuel, respectively. The angle of attack to be used in computing P/ 4>
is determined from

0- V g
R+h V mV (7)

The controls are now u = (na, nr, V)T. The constraints on these
controls will now be discussed. Figure 3 shows the constraints on
the throttle settings. Figure 3a shows equivalence ratio e as a func-
tion of freestream Mach number M for the air-breathing engine.
Equivalence ratio is defined as the ratio of actual fuel flow to the
fuel flow for stoichiometric combustion. The resultant thrust from
the air-breathing propulsion system is then the product of four vari-
ables: the equivalence ratio, the stoichiometric fuel-to-air ratio, the
air mass flow rate captured by the engine, and the cycle specific im-
pulse (pounds of thrust per pound of fuel flow). The stoichiometric
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Fig. 3 Constraints on throttle controls.

fuel-to-air ratio is a function of the fuel type. The air capture rate
is computed as a function of Mach number, freestream dynamic
pressure, angle of attack, and forebody/cowl geometry. The specific
impulse is a strong function of freestream Mach number and en-
gine equivalence ratio and only moderately dependent on dynamic
pressure and angle of attack. In this analysis, the specific impulse
is modeled only as a function of Mach number at full throttle set-
ting (na = 1). This approximation will give acceptable engineering
modeling of the air-breather performance. The equivalence ratio
model is presented next.

For Mach numbers less than 6.0, the engine operates in the ramjet
mode. In this mode, the engine can be operated over a wide range
of equivalence ratios, with a lower bound constrained by required
engine/airframe cooling fuel flow rate which, in general, is a func-
tion of Mach number and altitude (i.e., dynamic pressure). Since
if there are no considerations other than combustion efficiency it is
not optimum to have e > 1, the upper limit e < 1 is imposed. At
Mach 6, the start of the supersonic combustion ramjet mode, there
is a pronounced reduction in the allowable engine equivalence ratio
due to engine operating limits of thermal choke/burner exit Mach
number for the limited variable geometry scramjet engines. The net
result is a sharp dip in the upper bound for the air-breathing en-
gine to limit heat release in the combustor, as shown in Fig. 3a. As
the Mach number is increased in the scramjet mode, this constraint
vanishes and the engine is allowed to again burn stoichiometrically.
Starting at approximately Mach 12, the airframe/engine cooling re-
quirement determines the required engine fuel flow rate and, hence,
the equivalence ratio must be greater than the stoichiometric value
(e = 1). In general, the engine equivalence ratio required for cool-
ing will be a function of Mach number and dynamic pressure, with
a mild dependence on angle of attack. In this analysis, the angle-of-
attack dependence is ignored, and the cooling equivalence ratio was
computed at the resultant dynamic pressure constrained by forebody
compression ramp surface equilibrium radiation temperature limit,
which turns out to be the optimal trajectory in the scramjet operating
mode.

Mach

Fig. 4 Constraints on velocity control.

One option always is to turn the air-breathing engine completely
off. This is represented by the lower bound of na = 0. For this option,
the scramjet duct is closed off using the variable cowl geometry
and no engine cooling fuel flow is required, with the external cowl
surface radiatively cooled. All of these constraints and requirements
define the set of admissible controls and result in the definitions of
na = I and na = 0, shown in Fig. 3a. The bounds on the throttle
setting of the rocket engine, Fig. 3b, are straightforward.

The bounds on V are shown in Fig. 4. The four constraints are 1) a
minimum dynamic pressure (#min), 2) a maximum dynamic pressure
(#max), 3) a duct pressure limit, and 4) an aerodynamic heating limit
on the airframe structure. These constraints define Vm and VM, the
minimum and maximum values of V, as a function of M.

The maximization of Eq. (5) with respect to na, nr, and V, sub-
ject to the control constraints depicted in Figs. 3 and 4, gives the
following guidance law for the optimal controls3'8'9:

/ p \
V* = arg max I — 1

V <V<V V Tp /tn — — M \ / JT*JT*,.

(8)

If

then

K(pr - 1) + 1
K(pa - 1) + 1

0 ifl-——>
1]

1 otherwise
If

then

K(pr-\)
K(pa - 1)

D*

(9)

0 if 1 -

1 otherwise

Because of the great complexity of the engine, and especially the
variable engine geometry features, the variation of P/<& with V is
quite complex. A section of this function in the transonic region
for the aircraft depicted in Fig. 2 is shown in Fig. 5. The black line
shows the energy-climb path determined from Eqs. (8) and (9).

Altitude Transitions
Constant energy transitions occur when the altitude (or, equiva-

lently the velocity) that maximizes P/<& changes instantaneously at
some level of E, say E, at some time, say t. A typical situation is de-
picted in Fig. 6. For E < E, the higher relative maximum of P/ 3> is
the global maximum, whereas for E > E the lower maximum is the
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this approach. First, the transition is done too late, resulting in a loss
of optimality. Second, the transition overshoots the new branch; this
also results in a loss of optimality and may be unacceptable if the
new branch lies on a flight-path constraint.

In Ref. 13, transition layers are treated as two boundary layers, one
in backward time and one in forward time. Each layer is matched
with its appropriate energy-climb path branch and with the other
boundary layer at E. The layers are then used to form a uniformly
valid composite solution. The composite solution for a dive transi-
tion consists of a pushover (load factor n less than one) followed by
a pullup (n greater than one); for a climb transition, this sequence
is reversed.

The transition load factor history in Ref. 13 was determined from
solving the 2PBVP arising from the necessary conditions of optimal
control. Since this is impractical in a vehicle synthesis code, in the
present application the load factor during the two boundary-layer
motions are taken to be constants, n \ for t < t and HI for t > t. Then,
for a dive transition, n\ < I < HI, and for a climb transition, n\ >
I > n2. Boundary-layer analysis will now be used to determine V,
the velocity at which the transition layer passes through E.

Making the transformations

= (t- t)/s2 (10)

Altitude, h

Fig. 5 Cost function in the transonic region.

in Eq. (1) and then setting s2 = 0 gives the boundary-layer equations

(-1)'" = Vsinx

. E < E

Fig. 6 Variation of cost function with altitude near an energy
transition.

Fig. 7 Sketch of energy transition.

global one. At E, therefore, there is a jump in the energy-climb path
from higher altitude and lower speed to lower altitude and higher
speed (Fig. 7). Such transitions can also occur from lower to higher
altitudes, and either to or from either upper or lower flight envelope
constraints.

One way of approximating optimal transitions is to begin flying a
minimum fixed load factor flight path when a jump is detected (for
the case of a jump from a higher to lower altitude) and then switch
to maximum fixed load factor when the new branch is crossed; this
is the dotted path in Fig. 7. There are two undesirable features of

i ^Y _ V cosy gcosy
(~1} d^" = R + h ~ V mV

for i = 1,2, where E and m (the slow variables) are constant, and
where V as a function of h and E is given by Eq. (2). A slightly
simpler, but equivalent, set of equations may be obtained by dif-
ferentiating Eq. (2) with respect to time, using the fact that E is a
constant, and solving for V; the result is

• dV
(-1)'— = -

-dy = Vcosy '
~

gcosy T] (ID

mV

These equations may be integrated in closed form for constant load
factor flight if the flight-path angle is taken to be small (consistent
with energy-state approximation), and if g and the term R + h
are taken as constant during the transition. Using Eq. (2), setting
sin Y = Y and cos y = 1, and eliminating time from Eq. (11) gives

dV

where Rf = R + h. Integrating results in

v2 , 2^vv

where

k = n-

(12)

(13)

(14)

The constants of integration C, are determined by applying
boundary and matching conditions. For / = 1, we have t < t,
n = tii, and k = k\ = n\ — 1. As t\ —> oo, in this boundary layer
Y -> y\ and V -> Vi. (Strictly speaking, the flight-path angle is
zero on the energy climb path. The numerical integration, however,
provides nonzero values of y at Vi and V2> and, since it is easy to
account for this in the boundary-layer solutions, we do so.) From
Eq. (11), this gives

v? (15)
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Also, as t\ -> 0, y ->> y, and V -> V; thus,

(16)

Eliminating C\ between these two equations,

A similar matching analysis for the other boundary layer, / = 2,
gives

2*y
Equations (17) and (18) may now be used to eliminate y and

obtain an expression giving V in terms of the known quantities Vi,
V2, fci, and £2; the result is

V = (19)

The four terms in this equation have the following interpretation.
The first term is a correction for Earth curvature (centripetal ac-
celeration), the second is a correction for Earth rotation (Coriolis
acceleration), the third is a correction for flight-path angle (longitu-
dinal acceleration), and the fourth is the main term (thrust and lift
effects). Although the Earth curvature and rotation corrections are
not important for transonic transitions, they will be important for
transitions at higher speeds.

Note that for yl = y2 = 0, Qy = 0 (nonrotating Earth), and
R -> oo (flat Earth), Eq. (19) reduces to

V = (20)

Having found V, the final step is to find the path satisfying Eq. (1)
with si = 0 and s2 =_ 1 that transitions through E with speed V,
has n = HI for E < E and n = n2 for E > E, and meets the two
subsonic and supersonic branches of the trajectory smoothly. The
best way to do this is a topic under current investigation. For the
present paper, the following ad hoc procedure is adopted. When a
jump (either dive or climb) is detected in the energy-climb path, Vi
and V2 are determined and V is computed from Eq. (19). A search
is then made for the departure point on the t < t branch of the
energy-climb path such that_a constant load_factor path with load
factor n i just passes through E with velocity V. At E, the load factor
is switched to n2 and a constant load factor path is followed until
the t > t branch of the energy-climb path can be rejoined without
violating load factor limits.

Numerical Results
Because of a sharp increase in drag near Mach 1, many high-

performance supersonic aircraft have a dive in their energy-climb
paths in the transonic region.12'13 This is generally true of hypersonic
vehicles as well, and this transonic jump will be used to illustrate the
transition algorithm developed in the preceding section. The tran-
sonic dive depicted in Fig. 5 is shown in the altitude-Mach plane
in Fig. 8. As Mach 1 is approached, the energy-climb path begins
to rise at nearly constant, slightly subsonic Mach number; then at
43,000-ft altitude it transitions to 3,000 ft and M = 1.7 (dynamic
pressure limits are ignored for now). Both the subsonic and su-
personic portions of the energy-climb path are with only the air-
breathing engine on.

Conditions just before and just after the dive and the two specified
transition load factors n\ =0.5 and n2 = 2.5_are used to compute
V from Eq. (19); this gives approximately M = 1.55. The path
with constant load factor n\ =0.5 that just passes through E with
spee_d M was found to start on the energy-climb path at 25,000 ft.
At E, the load factor is switched to n2 = 2.5, and the transition
path then eventually joins the energy-climb path at about M = 2.1.

0.5

Fig. 8 Transonic transition trajectory: - - -, energy-climb path; —— ATI
= 0.5, #2 = 2.5.

Fig. 9 Comparison of transition trajectories for n2 = 2.0 and n2 = 2.5:
• - -, energy-climb path; ——, Nl = 0.5, N2 = 2.0; - - -, M = 0.5, N2 =
2.5.

50000 n

1.5
Mach

Fig. 10 Constrained transition trajectory: ——, trajectory with con-
straint; - - -, energy-climb path.

The transition path is obtained by integration of the full equations
of motion [Eq. (1)] with s\ — 0 and s2 = 1.

The two transition load factors, n\ and n2, are available as param-
eters to be chosen to maximize vehicle performance. Figure 9 shows
the transonic transition trajectories for both n2 = 2.0 and n2 = 2.5
with n\ = 0.5. The n2 = 2.5 trajectory transitions through E lower
because the pullup after E is steeper than for the n2 = 2.0 path. The
n2 = 2.5 trajectory burned 437 Ib more fuel than did the n2 = 2.0
trajectory, indicating that the latter is a better choice. Selection of the
best values of n i and n2 will take further numerical experimentation.

Portions of hypersonic trajectories typically lie on the path con-
straints (Fig. 10), and their energy-climb paths jump to and from
these constraints. In fact, the high-speed branch of the energy-climb
path shown in Figs. 8 and 9 violates the usual maximum dynamic
pressure constraint. Because time has been eliminated from the
boundary-layer solutions [Eqs. (12-19)], these equations may be
used for jumps to and from constraints. Figure 10 shows a 2000-psf
dynamic pressure constraint imposed on the trajectory. The quantity
V2 is now the velocity where E and the constraint meet. This has
the effect of decreasing V and, in turn, raising the altitude of the
transition path. The figure shows that this results in a path which
joins the constraint, indicating success of the method.
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Concluding Remarks
The transition between branches of the energy-climb path for hy-

personic aircraft have been investigated. Based on previous results,
the transitions are modeled as two constant load factor paths. The lo-
cation of the transition is determined by using singular perturbation
methods; two boundary layers are matched at the transition energy
to obtain the location of the transition. Numerical examples show
the method to be effective.

In Memoriam
The other three authors dedicate this paper to Eric Terjesen, who

died June 2, 1994, at the age of 25.
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